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The magnetorotational instability (MRI) is considered to be one of the most pow-
erful sources of turbulence in hydrodynamically stable quasi-Keplerian flows, such
as those governing accretion disk flows. Although the linear stability of these flows
with applied external magnetic field has been studied for decades, the influence of
the instability on the outward angular momentum transport, necessary for the ac-
cretion of the disk, is still not well known. In this work we model Keplerian rotation
with Taylor-Couette flow and imposed azimuthal magnetic field using both linear
and nonlinear approaches. We present scalings of instability with Hartmann and
Reynolds numbers via linear analysis and direct numerical simulations (DNS) for
the two magnetic Prandtl numbers of 1.4 · 10−6 and 1. Inside of the instability do-
mains modes with different axial wavenumbers dominate, resulting in sub-domains of
instabilities, which appear different for each Pm. The DNS show the emergence of 1-
and 2-frequency spatio-temporally oscillating structures for Pm = 1 close the onset
of instability, as well as significant enhancement of angular momentum transport for
Pm = 1 as compared to Pm = 1.4 · 10−6.
2I. INTRODUCTION
The problem of the magnetorotational instability is closely connected with the accretion
disk problem. These huge astrophysical objects, consisting of dust and ionized gas, possess
an amount of angular momentum which prevents them from contraction. The angular
momentum has to be somehow extracted and transported outwards, and the most effective
way to do that is turbulence. Accretion disk flows have, however, hydrodynamically stable
Keplerian angular velocity profile Ω ∼ r−3/2. One way to destabilize such profiles comes
from magnetic field action [1, 2], which may arise from the dynamo in the disk or from
the central object (e.g. a star). Here we model the accretion disk flow with the Taylor-
Couette setup, consisting of two co-rotating cylinders and conducting fluid between them,
with applied azimuthal magnetic field. The rotation of the cylinders was fixed so that angular
momentum increases but angular velocity decreases (quasi-Keplerian flow). In the absence
of magnetic field angular momentum transport in this linearly stable flow is supported only
by molecular effects (viscosity). In the presence of external azimuthal magnetic field flow
is destabilized via the so-called azimuthal magnetorotational instability (AMRI), as shown
by linear analysis of Hollerbach et al. [3]. Ru¨diger et al. [4] studied the AMRI transport in
Taylor-Couette system with direct numerical simulations for large magnetic Prandtl numbers
(0.1 < Pm < 1) and moderate Reynolds numbers Re < 2·103. They found that the resulting
turbulence contributes to the total angular momentum transport and they suggested that
the turbulent viscosity scales as νt/ν ∝
√
PmRe. In this work we compare the dynamics
of the system at large Pm = 1 and small Pm = 1.4 · 10−6 of InGaSn alloy, exploring wide
range of Re (Re < 6 ·103 for large and Re < 4 ·104 for small Pm). First, we perform a linear
stability analysis of the flow using the method of Hollerbach et al. [3] in order to define
scalings of the instability borders and parameter paths of the maximum growth rates of
perturbations. Second, by performing direct numerical simulations we trace the transition
to turbulence in the system. Finally we estimate angular momentum transport with our
nonlinear pseudo-spectral DNS method, described in [5], which allows us to investigate both
high and low Pm with good accuracy.
3II. MODEL
We consider an incompressible viscous conducting fluid that is sheared between two ro-
tating cylinders. The velocity and magnetic field are determined by the MHD equations:
(∂t + u · ∇)u = −∇p +∆u+ Ha
2
Pm
(∇×B)×B, (1)
(∂t − 1
Pm
∆)B = ∇× (u×B), (2)
where Ha = B0δ(σ/ρν)
1/2 is the Hartmann number, Pm = ν/λ the magnetic Prandtl num-
ber (ρ - density, ν - kinematic viscosity, λ - magnetic diffusivity, σ - electrical conductivity).
These equations were non-dimensionalized with the following scales: the gap between cylin-
ders δ = ro− ri, viscous time scale δ2/ν, external magnetic field of magnitude B0. Reynolds
number was defined with rotation of inner cylinder and the gap δ: Re = Ωiriδ/ν. It does
not appear explicitly in the equations, but it appears in the boundary conditions on the
cylinders (no-slip for velocity, insulating for magnetic field). In the axial direction periodic
boundary conditions were used. The rotation rate µ = Ωo/Ωi together with the radius ratio
η = ri/ro defines the rotation regime. In the following we fix µ = 0.26 and η = 0.5 resulting
in a hydrodynamically stable flow in the absence of magnetic field (according to the Rayleigh
criterion for stability η2 < µ [6]). The imposed magnetic field B0 = B0(ri/r)eˆφ is directed
azimuthally.
III. LINEAR STABILITY OF THE FLOW
By linearizing the nonlinear equations (1-2) about the basic flow:
V (r) =
Re
1 + δ
[
(
µ
δ
− δ)r + δ
(1− δ)2 (1− µ)
1
r
]
, (3)
and imposed magnetic field
B0 = B0(ri/r)eˆφ, (4)
and considering disturbances in the form of
u′ ∼ exp(imφ+ ikz + γt), (5)
we can find the parameter regions where the real part of the growth rate ℜ[γ] is positive,
and thus perturbations grow. The details of the method were described in [3]. In the case
4of AMRI the most unstable eigenmode is nonaxisymmetric (m = 1 for radius ratio η = 0.5).
The axial wavenumber k is also optimized so the most unstable mode is obtained.
The instability maps for Pm = 1.4 ·10−6 (a) and Pm = 1 (b) are presented in Fig. 1. The
flow is unstable inside the marked regions. The smaller Pm, the more the instability region
is shifted upwards, and thus the faster the cylinders have to be rotated to observe instability
(Recr ∼ 102 for high Pm case against Recr ∼ 103 for low Pm). We found that the instability
domain is divided into parameter regions where different linear modes of instability domi-
nate. On the borders of these regions the most unstable axial wavenumber kmax undergoes
discontinuous jumps as Ha is varied (red dots on the Fig. 2), and, respectively, the growth
rate changes slope (solid black lines in Fig. 2). Recording the parameter values of the jump
(Ha,Re), for Pm = 1.4 · 10−6 (Fig. 1a) we distinguish the following instabilities: instability
I (‘basic instability’ which appears for both Pm, in black), and instability III, arising at
high values of Re (yellow line). For Pm = 1 instability III vanishes and instabilities II (red)
and V (blue) arise (see Fig. 1b). For both large and small Pm the linear scaling of Re ∼ Ha
appears at the right border, but at Pm = 1 it is extended with instability V (blue region),
with scaling of Re ∼ Ha0.9.
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FIG. 1: Stability maps for µ = 0.26 and different Pm: (a) Pm = 1.4 · 10−6, (b) Pm = 1.
Yellow, red and blue line show the locations in the Ha−Re plane where axial wavenumber
changes discontinuously; green dots correspond to the maximum growth rates.
The green points on Fig. 1 correspond to the maximum growth rate line. Each point of
it marks Ha where the real part of the eigenvalue of the fastest growing mode is maximal
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FIG. 2: Growthrates and axial wavenumbers taken at Re = const: (a) Re ≈ 6.3 · 104,
Pm = 1.4 · 10−6, (b) Re ≈ 3.2 · 103, Pm = 1. Discontinuous jump in k is accompanied by
the change in the slope of growth rate. The blue dashed line corresponds to the neutral
curve with ℜ[γ] = 0 separating linearly stable and unstable regimes.
(at fixed Re). Guseva et al. [5] found that for Pm = 1.4 · 10−6 this point in the parameter
space correlates nicely with the maximum in the torque at the cylinders for fixed Re. We
follow this parameter path later with direct numerical simulations (brown crosses on Fig.
1), estimating an upper bound for transport intensity in this way.
IV. SATURATED STATES OF AMRI
The linear stability analysis does not give any information about the final, saturated
state of a system. Fortunately, the critical parameters of Re ∼ 103 and Ha ∼ 102 are
accessible in liquid metal experiments. Such experiments indeed have been performed with
InGaSn alloy (Pm = 1.4 · 10−6) [7]. The AMRI was observed as a superposition of two
waves, traveling in the opposite direction at slightly different speeds. This was surprising
because the azimuthal magnetic field does not break the axial reflection symmetry of a
Taylor-Couette system. It was shown numerically in [5], that with axially periodic boundary
conditions at Pm = 1.4 · 10−6 the AMRI arises as a standing wave (i.e. stationary in axial
direction), which at the same time rotates azimuthally approximately at the outer cylinder
frequency. This wave arises via a supercritical Hopf bifurcation from the laminar flow,
where (Ha − Hacr) acts as a bifurcation parameter. However, the standing waves (SW)
6are stable only close to the onset of instability. At higher Re a subsequent subcritical
Hopf bifurcation destabilizes SW and spatial defects accumulate in the system [5]. More
information on symmetries and bifurcation in fluid dynamics in general and Taylor-Couette
flow in particular can be found in [8].
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FIG. 3: Different flow states found with DNS at Pm = 1 (µ = 0.26): standing waves,
traveling waves, 2- and 1-frequency oscillations (of the torque), chaotic solutions (defects).
Oscillating in time solutions are stable. The different instability regions are shown as a
reference. Vertical dashed line represents the maximum growth rate line, horizontal dashed
line - line of Re = 250. The letters (a), (b), (c) correspond to the states that are shown
later on the Fig. 4 – 6.
The dynamics for Pm = 1, on which we focus in this paper, seems to be much more rich
and diverse than for the small Pm case. The family of different flow states found here is
presented in Fig. 3. The simulations in vertical direction (vertical dashed line) follow the
maximum growth rate line. A traveling wave (TW) arises at the onset of instability, followed
by 2-frequency solution as Re increases. The 2-frequency oscillating flow is characterized
by modulated oscillations of the torque on the cylinders (see Fig. 4a), and the velocity time
series have the two frequencies seen in the torque plus the additional one related to rotation
of the pattern (Fig. 5a). The latter is not present in the torque because it is integrated over
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FIG. 4: Time series of torque, Pm = 1: (a) 2-frequency oscillation at Re = 250, Ha = 150;
(b) 1-frequency oscillation at Re = 350, Ha = 203; (c) chaotic solution at Re = 500,
Ha = 295. The torque is normalized with laminar torque, time is scaled with rotation
period of the inner cylinder 1/Ωi.
all domain and hence is invariant to rotations and translations. Increasing Re further, we
note the transformation of 2-frequency torque oscillation to 1-frequency (4b), with velocity
becoming 2-frequency time-periodic (5b). This is surprising because more organized flow is
more favorable for the system, despite the increase in Re. However, if we continue increasing
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FIG. 5: Time series of radial velocity at the point (r, φ, z) = (1.5, 0, 0), Pm = 1: (a)
2-frequency oscillation at Re = 250, Ha = 150; (b) 1-frequency oscillation at Re = 350,
Ha = 203; (c) chaotic solution at Re = 500, Ha = 295. Velocity is normalized with the
rotation speed of the inner cylinder Ωiri, time is scaled with rotation period of the inner
cylinder 1/Ωi.
Re, the flow becomes chaotic (Fig. 4c, 5c). The snapshots of the flow in Fig. 6 show that
the spatial pattern is complex for both 2-frequency oscillations at Re = 250, 1-frequency
oscillations at Re = 350, and spatio-temporally chaotic flow at Re = 500. All cases are
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FIG. 6: Isosurfaces of axial velocity ±uz (left) and contours of axial uz and radial ur
velocity (right), Pm = 1: (a) 2-frequency oscillation at Re = 250, Ha = 150; (b)
1-frequency oscillation at Re = 350, Ha = 203; (c) chaotic solution at Re = 500, Ha = 295.
characterized by presence of defects which develop on top of the symmetric vortex pattern
of the TW at the instability onset. The 1- and 2-frequency time-periodic solutions also drift
axially, similarly to TW. At Re = 500 the flow is at the onset of turbulence: the vortices of
different size are clustered at the inner cylinder and travel up and down with no preferred
direction.
A different scenario is found whenHa is increased and Re is kept constant. The horizontal
dashed line of Fig. 3 denotes the simulations that were performed at Re = 250. Similar to
Pm = 1.4 · 10−6, close to stability boundary the flow is a spatially periodic standing wave
(SW), and becomes chaotic in the center of the instability island via a 2-frequency state. A
detailed study of bifurcation scenarios is out of the scope of this work and we leave it as
future work.
V. ANGULAR MOMENTUM TRANSPORT
The transition to turbulence enhances the angular momentum transport, which can be
measured as torque at the cylinders. Because of the conservation of angular momentum
the average torques on the inner and outer cylinders are equal. Fig. 7a shows the turbulent
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torque, normalized with the laminar torque, as a function of Ha along Re = 250 for Pm = 1.
The colored dots correspond to the type of flow observed for Pm = 1 (see Fig. 3). The torque,
which is small at the onset of instability at low Ha, has a maximum around Ha ≈ 130 and
then decreases with further increase of magnetic field. The flow transits from chaotic pattern
back to 2-frequency solution and then to periodic TW and SW. The maximum in the torque
correlates with the maximum in growth rates (Hamax = 140), as for Pm = 1.4 · 10−6
[5]. Fig. 7b shows the turbulent torque as a function of Re and Pm along the maximum
growth rate line. The transition to turbulence at low Pm = 1.4 · 10−6 occurs much later
than at Pm = 1: Re ∼ 2 · 103 against Re ∼ 2 · 102. Guseva et al. [5] found that for
Pm = 1.4 · 10−6 right after the transition the torque scales with Re as G ∼ Re1.15. Here we
increase the Reynolds number up to Re = 40000. Our data show that at about Re = 12000
the torque suddenly changes slope, indicating qualitative changes in the transport properties
of the turbulent field. The scaling nevertheless does not change much and can be best
approximated as G ∝ Re1.16, i.e. indistinguishable from the scaling at low Re. Hence
the transport enhancement at low Pm remains rather small if compared to Taylor-Couette
experiments in hydrodynamically unstable regimes [9–11]. The change of Pm to 1 influences
dramatically the angular momentum transport, which increases by more than an order of
magnitude: say, at Re = 6000 the torque is about 16 times greater than laminar for Pm = 1,
while at low Pm and the same Re the instability increases transport only by 0.15. For better
understanding of this different behavior of transport quantities it is necessary to study the
intermediate values of Pm to find the connections between the two regimes.
VI. CONCLUSIONS
In this work we studied the magnetorotational instability with applied azimuthal magnetic
field in the Taylor-Couette setup (AMRI). The focus was made on the comparison between
two magnetic Prandtl numbers: small Pm = 1.4 · 10−6 and large Pm = 1. First, using the
method of linear analysis, we found that the right border of instability scales as Re ∼ Ha
both for high and low Pm. For large Pm case the instability is widened up to Re ∼ Ha0.9,
but the line Re ∼ Ha remains as a line of discontinuous jump in the axial wavenumber. This
jump shows the existence of additional instability modes defining the instability domain. The
types of modes and their regions of existence are different for low and high Pm. Second, we
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FIG. 7: (a) Ha-dependence of normalized torque at Pm = 1 along the line Re = 250; (b)
normalized torque enhancement with Re and Pm along maximum growth rate line
(µ = 0.26). The colored dots in Pm = 1 represent the different states from Fig. 3.
followed the linear results with nonlinear direct numerical simulations. The AMRI arises first
as a spatially periodic standing or travelling wave, and as the Reynolds number increases
the spatially periodic flow turns into turbulence. For low Pm = 1.4 · 10−6 this transition
happens as a sequence of super- and subcritical Hopf bifurcations [5], while for Pm = 1 the
transition scenario is much more complicated and involves several spatially complex flow
patterns exhibiting 1- or 2-frequency oscillations of integral quantities such as torque or
kinetic energy. This phenomenon does not seem to be connected to the existence of several
types of modes found in the linear stability analysis of the flow, since it happens at low
Re close to the onset of instability and does not touch the lines of discontinuous jump in
axial wavenumber k, predicted by linear analysis. The competition between several linear
modes occurs in the parameter region where the flow is already too turbulent to observe
remnants of the linear modes. Following the maximum growth rate lines, we estimated the
maximum angular momentum transport efficiency of AMRI up to Re = 6 · 103 for large Pm
and Re = 4 ·104 for low Pm. At these values of Re the flow becomes fully turbulent and the
turbulent structures do not resemble low Re SW or TW. As an estimate for the turbulent
transport values of torque at the cylinders were computed. Again the small and large Pm
showed qualitatively different behavior. For Pm = 1.4 · 10−6 torque scales as a function
of Re as G ∼ Re1.15. Large Pm flows show much stronger transport enhancement and at
Re = 6000 the turbulent transport is already 16 times larger than the molecular (laminar)
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transport. These differences in small-Pm and large-Pm flow dynamics demonstrate the
need for a study of intermediate Pm for a better understanding of the transition between
low- and high-Pm transport properties.
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